Rubi 4.16.1.4 Integration Test Results

on the problems in the test-suite directory "4 Trig functions"

Test results for the 538 problems in "4.1.0 (a sin)*m (b trg)*n.m"

Test results for the 348 problemsin "4.1.10 (c+d x)"m (a+b sin)An.m"

Test results for the 72 problemsin "4.1.1.1 (a+b sin)*n.m"

Test results for the 113 problemsin "4.1.11 (e x)"m (a+b x*n)*p sin.m"

Test results for the 357 problemsin "4.1.12 (e x)"m (a+b sin(c+d x*n))*p.m"

Test results for the 653 problems in "4.1.1.2 (g cos)p (a+b sin)*m.m

Problem 648: Result valid but suboptimal antiderivative.

J(eCos[c+dx])’3’"‘ (a+bsin[c+dx])"dx

Optimal (type 5, 311 leaves, ? steps):
(eCosfc+dx]) "sec[c+dx]* (-1+Sin[c+dx]) (1+Sin[c+dx]) (a+bSin[c+dx])1”" 1
(a-b)de* (2+m) ' (a-b)*de’m (2+m)
(-2b+a(2+m)) (eCos[c+dx]) "Sec[c+dx]* (-1+Sin[c+dx]) (1+Sin[c+dx])? (a+bSin[c+dx])"™"-

1 . . ] m 2 (a+bsinfc+dx])
(-b*+a* (1+m)) (eCos[c+dx]) Hypergeometric2F1[—~, 1+m, 2+m, -
(a—b)3de3m(1+m) 2 (a-b) (-1+sSin[c+dx])

(a+b) (1+sin[c+dx]) 3 (-2m
(a-b) (-1+Sin[c+dx])

3

Sec[c+dx]* (1+Sin[c+dx]) (a+bsinfc+dx] )"
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Result (type 5, 420 leaves, 5steps):
(eCos[c+dx1)’2'm (a+bSin[c:+dx])1+m

(a-b)de (2+m)

2 (a+bsinfc+dx])
(a+b) (1+sin[c+dx])

(a-b) (1-sin[c+dx]) ™2
(a+b) (1+sin[c+dx])

~2-m . 2+m .
b (eCos[c+dx]) Hypergeometric2F1[1 +m, — 2+m, ] (1-Sinfc+dx]) |-

C dx]) 2™ (1+si d b si dx])tm
(a+bSin[c+dx])1”“ /((az—bz)de(1+m) (2+m))+a<e os[c+dx]) (1+sin[c+dx]) (a+bSin[c+dx]) X
(a2-b?) de (2+m)

2+m 2-m (a-b) (1-Sin[c+dx])

) B ) ]

m
20 2 2 2 (a+bsin[c+dx])

[2“‘/2 a(a+b+am) (eCos[c+dx]) >"Hypergeometric2F1|-

2+m
2

(a+b) (1+Sin[c+dx])

(1-sin[c+dx]) (

(a+bSin[c+dx])1*'“]/ ((a-b) (a+b)*dem (2+m))

a+bSin[c+dx]

Test results for the 36 problemsin "4.1.13 (d+e x)*m sin(a+b x+c x*2)*n.m"

Test results for the 208 problems in "4.1.1.3 (g tan)”p (a+b sin)*m.m"

Test results for the 837 problemsin "4.1.2.1 (a+b sin)*m (c+d sin)*n.m

Test results for the 1563 problems in "4.1.2.2 (g cos)p (a+b sin)*m (c+d sin)*n.m

Problem 1479: Unable to integrate problem.

3/2

JSec[eﬂcx]z(a+bSin[e+fx]) 5
X

\VdSin[e + fx]
Optimal (type 4, 312leaves, ? steps):
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Sec[e+fx] (b+aSin[e+fx])~/a+bSin[e+fx]

fvdSin[e+ fx]
(a . b) 3/2 | a(-1:+Cscle+fx]) a (1+Cscle+fx]) EllipticF [Ar‘cSin [ Vd +Ja+bsin[e+f x] } , @} Tan[e + f x]
a+b a-b Varb ~[dsinle+fx] a-b
Vd f
a(71+CSC[e+fX}) b+aCscle+fx] L. . b+aCscle+fx] -a+b .
b(a+b) |- EllipticE [ArcSin| |- B | (1+sinfe+fx]) Tan[e+fx] /
a+b -a+b a-b a+b

1+C +f
1cJa( SC[: x]) \Jdsin[e+fx] \/a+bSin[e+fx]
a_

Result (type 8, 37 leaves, 0steps):
Secle+fx]2 (a+bSin[e+fx])>?

VdSin[e + f x]

Unintegrable|

, X|

Problem 1480: Unable to integrate problem.

jSec[eﬂcx]4 (a+bsSinfe+fx])>?
dx

\dSin[e + fx]
Optimal (type 4, 366 leaves, ? steps):

5aSec[e+fx] (b+aSinfe+fx])/a+bSin[e+fx]

+

Secle+fx]>~/dSin[e+fx] (a+bSin[e+fx])>?

6f~/dsin[e + f x] 3df
53 (a +b)3/2 _a(-1:Cscle+fx]) a (1+Csclesfx]) ElliptiCF[Ar‘CSin[\/?\/amSin[e#X] }, 7@} Tan[e + £ x]
a+b a-b +Ja+b /dSin[e+fx] a-b
6/d f
a(71+Csc[e+Fx]) b+aCscle+fXx] o . b+aCscle+fx] -a+b .
S5ab(a+b) |- EllipticE [ArcSin| |- ] | (1+sinfe+fx]) Tan[e +fx] /
a+b -a+b a-b a+b

) rJdSin[e+fx] Va+bSin[e+fx]
a_

6{\/a (1+Cscle+fx])



4 | 4 Trig functions.nb

Result (type 8, 87 leaves, 1step):
Sec[e+fx])>+/dsSin[e+fx] (a+bSin[e+fx])*?
+ = aUnintegrable]|
3df 6 \JdSin[e+fx]

Secle+fx]2 (a+bSin[e+fx])>?

» X]

Problem 1515: Unable to integrate problem.

JSec[eﬂ‘:x]6 (a+bsinfe+fx])®? 4
X

\/dSin[e + fx]
Optimal (type 4, 502 leaves, ? steps):

3ab (-2a2+b?) Cos[e+fx] Va+bSin[e+fx]

+

5f+/dSin[e + fx]
Sec[e+fx]>+/dSin[e+fx] (a+bSin[e+fx])%?
: ] [ L [ /) - 3aSec[e+fx]>+/dSin[e+fx] Va+bSin[e+fx]
5df 20df
1
(-a(7a*+b*) +2b (-7a*+b?) Sin[e+fx] +5a (a*-b*) Sin[e+fx]?+ (8a’b-4Db’) Sin[e + fx]?) - 3a(a+b)3/2 (5a®+3ab-4b?)
20+/d f
a(-1+Csc[e+fx a(l+Cscle+fx d Vva+bSin[e+f a+b
- ( [ ) ( [ ) EllipticF[Ar‘cSin[\/_\/ rhoinfer T x] . | Tan[e + fx] -
a+b a-b Va+b \/dsSin[e + fx] a-b
1 a(-1+Csc[e+fx b+aCscle+f 2a
3b(2a*-3a’b?+b*) |- ( [ ) E1lipticE [ArcSin| |-~ e X |,1- ]
5df+a+bSin[e+fx] a+b a-b a+b

aCscle+fx]? (1+Sinfe+fx]) (a+bSin[e+fx])
a-b)’

VdSin[e + f x] \/ Tan[e + f x]
Result (type 8, 87 leaves, 1 step):
Sec[e+fx]®+/dSin[e + fx] <a+bSin[e+1‘:x1)9/2 Sec[e+fx]* (a+bSin[e+fx])
+ —— aUnintegrable|
5df 10 Jdsin[e+fx]

7/2

» x|

Test results for the 51 problemsin "4.1.2.3 (g sin)*p (a+b sin)*m (c+d sin)*n.m

Test results for the 358 problems in "4.1.3.1 (a+b sin)"m (c+d sin)*n (A+B sin).m"
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Test results for the 19 problemsin "4.1.4.1 (a+b sin)"m (A+B sin+C sin*2).m"
Test results for the 34 problemsin "4.1.4.2 (a+b sin)*m (c+d sin)*n (A+B sin+C sin*2).m"

Test results for the 594 problems in "4.1.7 (d trig)*m (a+b (c sin)*n)"p.m

Problem 391: Unable to integrate problem.

Sec[c +dx]?
J dx

a+bSin[c+dx]3

Optimal (type 3, 299 leaves, ? steps):

(-1)¥2 b2t/ Tan | 2 (cadx) | bY/3+a%/3 Tan| 2 (c+dx) |

2 (—1)2/3 b?/3 ArcTan |

| 2b?3ArcTan|

]

ﬂ/az/si(il)z/s p2/3 / a2/3_p2/3
- +
3 a2/3 (32/3 - (-1)%3 b2/3>3/2 d 3a2/% (a?/3-b2/3)%%d

(-1)2/3pt/3,a1/3 Tan{i— (c+d x) }

[a2/32 (1)1/3 p2/3 Sec[c+dx] (b-aSin[c+dx])
+

332/3 (32/3+ <_1>1/3 b2/3)3/2d (—a2+b2) d

2 (—1)1/3 b?/3 ArcTan|

Result (type 8, 25leaves, 0steps):

x|

Sec[c+dx]?

Unintegrable|
a+bSin[c+dx]3

Problem 392: Unable to integrate problem.

Sec[c+dx]*
J dx

a+bSin[c+dx]3

Optimal (type 3, 1093 leaves, ? steps):
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[ (-1)1/3 b1/3—al/3Tan[§ (c+dx)} ] [ (-1)1/3 b1/3—al/3Tan[% (c+dx)} ] [b1/3+a1/3TanB (c+dx)] }

2 (-1) 2/3 32/3 p8/3 ppcTan 2 a2/3 b3 ArcTan

2 b2 (2 a?+ bZ) ArcTan

Alaz/si(il)z/s p2/3 Alaz/37(71>2/3 p2/3 \/ a2/3_p2/3
- - +
\/a2/3— (_1>2/3 bh2/3 (az—b2>2d 3 32/3 \/a2/3— (_1>2/3 bh2/3 (az—b2>2d v/ a2/3 _ p2/3 (aszz)zd

bl/3al/3 Tan{i—(udx)} b1/3+al/3Tan[§ (c+dx)} (-1)2/3 bt/34a1/3 TanB—(udx)}

2 b2 (2 a? + bz) Ar‘cTan[ 2 b?4/3 (az + 2b2) Ar‘cTan[ ] 2 (—1)1/3 a2/3 p8/3 Ar‘cTan[

./az/s_bz/a Jaz/s_bz/3 ﬂ/az/3+(_1>1/3 bz/a
+ _
3 32/3+/32/3 _p2/3 (az_b2>2d 3+/a2/3 _ p2/3 (az—bz)zd \/a2/3+ (71>1/3 p2/3 (az—bz)zd

bY/3- (-1)1/3 a1/3 Tan“— (c+dx) w

(-1)2/3pt/3,a1/3 Tan{;(mdx)] ]
./az/3+(_1)1/3 p2/3 ./_(_1)2/3 a2/3.p2/3

3a2/3\/a2/3+(—1)1/3b2/3 (az_b2>2d 3\/—(—1)2/3a2/3+b2/3 (az_bz>2d

]

2b% (2a? +b?) ArcTan|

| 2b%3 (a%+2b?) ArcTanh|

b1/34 (~1)2/3 a1/3 Tan“— (c+d x) }

2b%3 (a%+2b?) ArcTanh |

NIRRT Cos[c +dx] Cos[c +dx]
+ + +
3\/(_1>1/3a2/3+b2/3 (a2 - b2)2d 12 (a+b) d (1-Sin[c+dx])? 12 (a+b)d (1-Sin[c+dx])
(a+4b) Cos[c+dx] ) Cos[c+dx] (a-4b) Cos[c+dx] Cos[c+dx]

4(a+b)2d(1—sin[c+dx1) 12(a—b)d(1+Sin[c+dx])2 4(a—b)2d(1+sin[c+dx1) 12 (a-b)d (1+Sin[c+dx])
Result (type 8, 25leaves, 0steps):

3’X]

Sec[c+dx]*

Unintegrable|
a+bSin[c+dx]

Test results for the 9 problems in "4.1.8 (a+b sin)*m (c+d trig)*n.m"

Test results for the 19 problemsin "4.1.9 trig"m (a+b sin*n+c sin*(2 n)) p.m

Test results for the 294 problems in "4.2.0 (a cos)*m (b trg)*n.m"

Test results for the 189 problems in "4.2.10 (c+d x)"m (a+b cos)*n.m

Test results for the 62 problemsin "4.2.1.1 (a+b cos)*n.m

Test results for the 99 problemsin "4.2.12 (e x)*m (a+b cos(c+d x*n))*p.m
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Test results for the 88 problemsin "4.2.1.2 (g sin)*p (a+b cos)*m.m"

Test results for the 34 problems in "4.2.13 (d+e x)*m cos(a+b x+c x*2)*n.m'

Test results for the 22 problemsin "4.2.1.3 (g tan)*p (a+b cos)*m.m"

Test results for the 932 problemsin "4.2.2.1 (a+b cos)*m (c+d cos)*n.m

Test results for the 4 problems in "4.2.2.2 (g sin)*p (a+b cos)*m (c+d cos)*n.m

Test results for the 1 problems in "4.2.2.3 (g cos)p (a+b cos)*m (c+d cos)*n.m"

Test results for the 644 problemsin "4.2.3.1 (a+b cos)*m (c+d cos)*n (A+B cos).m"

Test results for the 393 problems in "4.2.4.1 (a+b cos)"m (A+B cos+C cos"2).m"

Test results for the 1541 problems in "4.2.4.2 (a+b cos)"m (c+d cos)*n (A+B cos+C cos”2).m"

Test results for the 98 problemsin "4.2.7 (d trig)*m (a+b (c cos)*n)*p.m"

Test results for the 21 problemsin "4.2.8 (a+b cos)"m (c+d trig)*n.m"

Test results for the 20 problemsin "4.2.9 trig"m (a+b cos”n+c cos*(2 n))*p.m

Test results for the 387 problems in "4.3.0 (a trg)*m (b tan)*n.m"

Test results for the 63 problemsin "4.3.10 (c+d x)"m (a+b tan)*n.m"

Problem 17: Unable to integrate problem.
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J

Optimal (type 3, 17 leaves, ? steps):

2 T b 2
X + an[ab+ x] +x2Tan[a+bx2}3/2 dx

Tan|a+bx?|

x+/Tan[a + b x?|
b
Result (type 8, 55 leaves, 1 step):
2 Unintegrable|+/Tan|a+bx?| , x
Unintegrable | : > x|+ [ [ [, ] +Unintegrable [x* Tan[a + bx?]*'?, ]

Tan|[a+bx?] b

Test results for the 66 problemsin "4.3.11 (e x)"m (a+b tan(c+d x*n))*p.m

Test results for the 700 problems in "4.3.1.2 (d sec)*m (a+b tan)*n.m"

Test results for the 91 problemsin "4.3.1.3 (d sin)*m (a+b tan)*n.m"

Test results for the 1328 problemsin "4.3.2.1 (a+b tan)"m (c+d tan)*n.m"

Test results for the 855 problems in "4.3.3.1 (a+b tan)"m (c+d tan)”n (A+B tan).m"

Test results for the 171 problems in "4.3.4.2 (a+b tan)"m (c+d tan)"n (A+B tan+C tan”2).m"

Test results for the 499 problems in "4.3.7 (d trig)*m (a+b (c tan)*n)*p.m"

Test results for the 51 problems in "4.3.9 trig"m (a+b tan”n+c tan”(2 n))*p.m

Test results for the 52 problemsin "4.4.0 (a trg)*m (b cot)*n.m"

Test results for the 61 problemsin "4.4.10 (c+d x)"m (a+b cot)*n.m"
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Test results for the 23 problemsin "4.4.1.2 (d csc)*m (a+b cot)*n.m

Test results for the 19 problemsin "4.4.1.3 (d cos)*m (a+b cot)*n.m"

Test results for the 106 problemsin "4.4.2.1 (a+b cot)*m (c+d cot)*n.m"

Test results for the 64 problemsin "4.4.7 (d trig)*m (a+b (c cot)*n)*p.m"

Test results for the 32 problems in "4.4.9 trig"hm (a+b cot*n+c cot”(2 n))*p.m

Test results for the 299 problems in "4.5.0 (a sec)*m (b trg)*n.m"

Test results for the 46 problemsin "4.5.10 (c+d x)"m (a+b sec)*n.m

Test results for the 83 problemsin "4.5.11 (e x)"m (a+b sec(c+d x"n))*p.m

Test results for the 879 problemsin "4.5.1.2 (d sec)*n (a+b sec)*m.m"

Problem 286: Result unnecessarily involves higher level functions.

JSec[c+dx]5/3 (a+asec[c+dx])??dx

Optimal (type 5, 327 leaves, ? steps):
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3aSec[c+dx]%3Sin[c+dx] 9Sec[c+dx]?3 (a (1+Sec[c+dx}))Z/BSin[Cerx] 9 (a (1+Sec[c+dx]))2/3Tan[c+dx]

+ - +
2d<a (1+SEC[C+dX])>1/3 4d 4d(m)1/3 (1+SEC[C+dX])7/3
1/3
(Hypergeometr‘icZFl[l, 1, E, Tan[1 (c+dxH4} (Cos[c+dx] Sec[1 (c+dx)]4J (a (1+Sec[c+dx]))2/3 Tan[c +dx] /
4 3 4 2 2

1 1/3
(1+sec[c+dx])

{Sd[ 43|
1+Cos[c+dx]

1/3

(c+dx>]4}

7
s T T Tan[
4

(5 Hypergeometr‘icZFl[

w | =
N |

Cos[c+dx] Sec[1 <c+dx)]4)

(a (1+Sec[c+dx]))2/3Tan[c+dx}3J/
2

5w

1 1/3

|
1+Cos[c+dx]

(1+Sec[c+dx})1e/3)

Result (type 6, 79 leaves, 3 steps):
1

1/6 1 2
2 2Y6 pppellFl| —, - =, -
d(1+Sec(c+dx])”® 27 3

)

| =
N W

1 2/3
,1-Sec[c+dx], — (1-Sec[c+dx])]| (a+aSec[c+dx])*?Tan[c+dx]
2

Test results for the 306 problemsin "4.5.1.3 (d sin)*n (a+b sec)*m.m

Problem 276: Unable to integrate problem.

JCsc[c+dx}4 (a+bsec[c+dx])"dx

Optimal (type 6, 424 leaves, ? steps):
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1
2+/2 d
1 1 1 b (1-Sec[c+dx]) . (a+bSec[c+dx]
3 AppellFl[- =, =, -n, =, = (1-Sec[c+dx]), | Cot[c+dx]\/1+Sec[c+dx] (a+bSec[c+dx])
2 2 2 2 a+b a+b
3 1 b (1-Sec[c+dx]) ,
AppellF1[- =, =, -n, - =, — (1-Sec[c+dx]), | Cot[c+dx]
62 d 27 2 27 2 a+b
a+bSec[c+dx] ™" 1
(1+Sec(c+dx])*? (a+bSec[c+dx])" : [cxdx] ™,
a+b A2 d+/1+Sec[c+dx]
1 3 3 1 b (1-Sec[c+dx]) L (a+bSec[c+dx] ™"
AppellF1[=, =, -n, =, — (1-Sec[c+dx]), | (a+bsecic+dx]) [ Tan[c+dx] +
2 2 2 2 a+b a+b
1
2+/2 d+/1+Sec[c+dx]
1 5 3 1 b (1-Sec[c+dx]) . (a+bSec[c+dx] ™"
AppellF1[=, =, -n, =, — (1-Sec[c+dx]), ] (a+bsecic+dx]) [ Tan[c +dx]
2 2 2 2 a+b a+b

Result (type 8, 23 leaves, 0steps):
Unintegrable|[Csc[c+dx]* (a+bSec[c+dx])", x]

Test results for the 365 problemsin "4.5.1.4 (d tan)"n (a+b sec)*m.m"

Problem 207: Result valid but suboptimal antiderivative.

Tan[e + f x]?
J dx
(a+asecle+fx])®?

Optimal (type 3, 177 leaves, ? steps):

Y + +
2Ar‘cTan[ a Tan[e+fx } 91 Ar‘cTan[ a_Tan[e+f x]

+/a+aSec[e+f X] +/2 \/a+aSec[e+fx]
- + +
a%2 f 32+/2 a%2f
Tan[e + f x] 11 Tan[e + f X] 27 Tan[e + f x]

+ +
3af (a+aSecle+fx])”? 24a’f (a+aSecle+fx])”? 32a°f (a+aSecle+fx])??

Result (type 3, 227 leaves, 7 steps):
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a Tan[e+f x]

2 ArcTan]| M] 91 ArcTan|

a+aSec[e+fx]

ﬁm] 27 sec[ (e+fx)]*sinfe+fx]
N

- +

+

a%/2 f

32+/2 %2 f

11 Cos[e + f x] Sec[% (e+-Fx)]4Sin[e+Fx]

64 a*f+/a+aSec[e+fx]

Cos[e+fx]25ec[§ (e+fx”6$in[e+fx}

+

96a*f+/a+aSec[e+fx]

Problem 347: Unable to integrate problem.

(dTan[e+fx])"
J dx

a+bSec[e+fx]

Optimal (type 6, 266 leaves, ? steps):

1-n 1-n a+b a-b

24 a*f+/a+aSec[e+fx]

1-n
2

b (1-Sec[e+fx]) b (1+Sec[e+fx]) o

d AppellF1[1-n, s ,2-n,

af(1-n) 2 2 a+bSecle+fx]

d Hypergeometric2Fi|1,

1-n 1
<ty (-1+n) B

a+bSec[e+ fx]

a+bSec[e+fx] a+bSecle+fx]

, -Tan[e +fx]?] (dTan[e+Fx])’1*” (-Tan[e+fx]?)

1-n 1+n
-,
2 2

(dTan[e + fx] )’1*” (-Tan[e+ fx]?)

Result (type 8, 25leaves, 0steps):
(dTan[e+fx])"

Unintegrable| » X]

a+bSec[e+fx]

af (1+n)

Test results for the 241 problemsin "4.5.2.1 (a+b sec)*m (c+d sec)*n.m"

Problem 217: Unable to integrate problem.

(c+dsecle+fx])>?
J dx

vJa+bSecle+ fx]

Optimal (type 4, 652 leaves, ? steps):
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d +b +dS +f -b d bc-ad) (1+S +f
2c (c+d) Cotle+fx] EllipticPi[a (e >,Ar‘cSin[ (a+b) (c ecle+fx]) ]» (a-b) (e~ >] (be-ad) ( ecle+fxl)
(a+b)c (c+d) (a+bsecfe+fx]) (a+b) (c-d) (c-d) (a+bsec[e+fx])

+

+b) (bc-ad) (-1+S +f +dS +f
(a+bSec[e+-Fx])3/2\/ (a+b) (bc-ad) | ecle+fx) (c ecle+fx)) /(a (a+b) fy/c+dSec[e+fx] )

(c+d)2 (a+bSec[e+1‘:x])2

b (c+d b ds f -b d bc-ad) (1+S f
[2d<c+d) Cot[e+fx] EllipticPi| lex ),Ar‘cSin[\/ (a+b) (crdseclexfx]) | (a-b) (c- )}\/< c-ad) (1+seclexfx])

(a+b)d (c+d) (a+bSec[e+fx]) (a+b) (c-d) (c-d) (a+bsSecle+fx])

(a+b) (-bc+ad) (-1+Sec[e+fx]) (c+dSec[e+fx])

b(a+b) fvc+dSec[e+Ffx] |+
(c+d)* (a+bsecle+fx])? /( ( ) )

(a+bSec[e+fx])3/2\/—

1

a b_FJ (a+b) (c+dSec[e+fx])

(a+b) (c+dsecle+fx])

s

(c+d) (a+bsecle+fx]) (a+b) (c-d)

2 (bc-ad) Cotle+fx] EllipticF[ArcSin[\/

(c+d) (a+bSec[e+fx])

vJa+bSec[e+fx] VVc+dSec[e+fx]

(c+d) (a+bsSec[e+fx]) (c-d) (a+bsecle+fx])

\/ (bc-ad) (-1+Sec[e+fx]) \/ (bc-ad) (1+Secle+fx])

Result (type 8, 31 leaves, 0steps):

])3/2

[(c+dSec[e+fx

Unintegrable , X|

va+bSec[e+ fx]
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Test results for the 286 problems in "4.5.2.3 (g sec)"p (a+b sec)*m (c+d sec)*n.m"

Test results for the 634 problems in "4.5.3.1 (a+b sec)"m (d sec)*n (A+B sec).m"

Test results for the 70 problemsin "4.5.4.1 (a+b sec)"m (A+B sec+C sec”2).m"

Test results for the 1373 problems in "4.5.4.2 (a+b sec)"m (d sec)*n (A+B sec+C sec”2).m"
Test results for the 470 problems in "4.5.7 (d trig)*m (a+b (c sec)*n)*p.m"

Problem 132: Unable to integrate problem.

J(a+b$ec[e+¥x]2)p (dsinfe+fx])"dx

Optimal (type 6, 123 leaves, ? steps):

1+m 1 3+m , asSinfe+fx]?
AppellFl|~——, ~+p, -p, —, Sinfe+fx]?, ———|
f(l+m 2 2 2 a+b
1 a+b-asSinfe+fx]2\7?
(Cos[e+fx]2):" (a+bSec[e+fx]?)P (dSinfe+fx])" : [e+7X] Tan[e + f x]

a+b

Result (type 8, 27 leaves, 0steps):
Unintegrable| (a+bSec[e+fx]?)? (dSin[e+fx])", x|

Problem 298: Unable to integrate problem.

J(dSec[eﬂcx])’“ (a+bsec[e+fx]?)Pdx

Optimal (type 6, 111 leaves, ? steps):

1 m 1 24m , bSecle+fx]?
—AppellFl[—, —, -P, , Sec[e+fx]%, - ————
fm 2 2 2 a

]

bSec[e+fx]2)P

Cot[e+fx] (dSec[e+fx])" (a+bSec[e+Ffx]?)” |1+ ~Tan[e + fx]?

a

Result (type 8, 27 leaves, 0steps):
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Unintegrable| (dSec[e+fx])" (a+bSec[e+fx]?)?, x|

Test results for the 70 problemsin "4.6.0 (a csc)*m (b trg)*n.m"

Test results for the 84 problemsin "4.6.11 (e x)*m (a+b csc(c+d x*n))*p.m

Test results for the 59 problemsin "4.6.1.2 (d csc)n (a+b csc)*m.m

Test results for the 16 problemsin "4.6.1.3 (d cos)"n (a+b csc)*m.m

Test results for the 23 problemsin "4.6.1.4 (d cot)n (a+b csc)*m.m"

Test results for the 24 problemsin "4.6.3.1 (a+b csc)*m (d csc)*n (A+B csc).m"

Test results for the 1 problems in "4.6.4.2 (a+b csc)”m (d csc)*n (A+B csc+C csc”2).m"

Test results for the 27 problems in "4.6.7 (d trig)*m (a+b (c csc)*n) p.m

Test results for the 254 problems in "4.7.1 (c trig)*m (d trig)*n.m"

Test results for the 294 problems in "4.7.2 trig"m (a trig+b trig)*n.m"

Problem 15: Result valid but suboptimal antiderivative.

Sin[x]3
J dx
(aCos[x] +bsin[x])?

Optimal (type 3, 107 leaves, ? steps):
6 a2b ArcTanh | “braten|F]

Jazip? 3a (a?-b?) +a (a?+b?) Cos[2x] - b (a%+b?) Sin[2x]
N

(a2 +b2)>/2 2 (a2 +b?)? (aCos[x] +bSin[x])

Result (type 3, 283 leaves, 19 steps):



16 | 4 Trig functions.nb

3 a2 ArcTanh [ MM} 2 a2 b ArcTanh { b-aTan X’z ] 2 a2 <3 a? s b2> ArcTanh { b-aTan|X

Sz Jazor Jazib? Cos [X]
- - + - +
b (a2 +b2)>? (a? +b2)%/2 b (a2 +b2)*>'? b2
3a2Cos[x] 2asSin[x] 3a3sin[x] 2a3Cos[§]2(2ab+(a27b2)Tan[§]) 222 (a+bTan[§])
- + - +
b? (a? + b?) b’ b® (a% + b?) b® (a2 +b?)? (a? +b2)? (a+2bTan[§] —aTan[f]z)

Problem 23: Result valid but suboptimal antiderivative.

J Sin[x]? dx
(aCos[x] +bsSin[x])>

Optimal (type 3, 92leaves, ? steps):
(a? - 2b?) ArcTanh| cbraten|3]

a2 a(3abCos[x] + (a*+4b?) Sin[x])

- +

(a2 +b2)%/2 2 (a2+b?)? (aCos[x] +bSin[x])?

Result (type 3, 300 leaves, 13 steps):

2% ArcTanh [ BCosXl-aSinlxl | ApcTanh [ BCosixl-aSinlxl | a2 (232 - b2) ArcTanh | bratan|7]

+/ a%+b? +/ a%+b? </ a%+b?
- - +
b2 (a2 + b?) 32 b2 /a2l b2 b2 (a2 + b2) /2
23 2(ab+(a2+2b2)Tan{§” 4a4+3a2b2+2b4+ab<5a2+2b2)Tan[f]

+

b (a®+b?) (aCos[x] +bSin[x]) , (a%+b?) (a+2bTan[§]faTan[§]2>2_ ab (a+b?)° (a+2bTan[§] 7aTan[§]2)

Problem 123: Result valid but suboptimal antiderivative.

Cos[c+dx]3
j dx
(aCos[c+dx] +bSin[c+dx])2
Optimal (type 3, 138leaves, ? steps):

3a bz ArcTanh [ b Cos[c+d x]-aSin[c+d Xx] }
b2 2abCos[c+dx] (a*-b?)Sin[c+dx] b3
+

+ —

(a?+b2)°'%d (a?+b2)?d (a+b2)%d (a2 +b2)?d (aCos[c+dx] +bSin[c+dx])

Result (type 3, 231 leaves, 11 steps):



4 Trig functions.nb | 17

b-aTan £<c+dx) } b-aTan £<c+dx) }

2 b* ArcTanh | 2b% (3a%+b?) ArcTanh |

Jarip? ) N
a(a2+b2)5/2d a(a2+b2)5/2d
2 (2ab+ (a2 - b?) Tan[i (c+dx)]) 2b3 (a+bTan[i (c+dx”)

(a2+b2)2d (1+Tan[i (c+dx)]2> a (a2+b2)2d (a+2bTan[i (c+dx)] —aTan[% <c+dx)]2)

Problem 131: Result valid but suboptimal antiderivative.

J Cos[c+dx]*

(acCos[c+dx] +bSin[c+dx])3

dx

Optimal (type 3, 216 leaves, ? steps):

b-aTan|t (c+d x)

3 b2 (4 az - b2> Ar‘cTanh[

Jatep? b (3a?-b?) Cos[c+dx] a(a?-3b?)Sin[c+dx]
- + + +
(a2 +b%)7%d (a?+b%)°d (a?+b%)°d
b*Sin[c +dx] b* (8 a% + b?)

2a <a2+b2)2d (aCos[c+dx] +bSin[c+dx])2 . 2a <a2+b2)3d (aCos[c+dx] +bSin[c+dx])

Result (type 3, 492 leaves, 15 steps):

b-a Tan 1—(c+dx) b-aTan|X (c+d x) b-aTan|l1 (c+d x) ]

3 b4 (a2+2b2> Ar‘cTanh[ } 4 b* (3 a2+2b2> Ar‘cTanh[ } 2 b2 (6 a%+3a2p? +b4) Ar‘cTanh[

- + - +
a2 (a2+b2)7/2d a2 (a2+b2)7/2d a2 (a2+b2)7/2d
2 (b (3a%-b?) +a (a?-3b?) Tan[% <c+dx)]) 2 b4 (ab+ (a2+2b2>TanE (c+dx)”
. _
(a2+b2)3d (1+Tan[i (c+dx”2) a3 (a2+b2)2d (a+2bTan[§ (c+dx)] 7aTan[§ (c+dx)]2)2
3b* (a%+2b?) (b—aTan[% (c+dx)]) 4p3 (2a4—b4+ab (3a2+2b2)Tan[§ (c+dx)”

a® (a?+b?)*d (a+2bTan[% (c+dx) ] —aTan[% <c+dx)]2) a® (a?+b?)°d (a+2bTan[% (c+dx) ] —aTan[% (c+dx)]2)

Problem 133: Result valid but suboptimal antiderivative.

Cos[c+dx]?
J dx
(aCos[c+dx] +bSin[c+dx])>

Optimal (type 3, 119leaves, ? steps):
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-b+aTan 17(<:+dx) ]

+/ a%+b?

(a2 +b%)°'%d 2 (a2+b?)?d (aCos[c+dx] +bSin[c+dx])?

2 a“ - b%) ArcTanh
2 2
b ((4a%+b?) Cos[c+dx] +3abSin[c+dx])

Result (type 3, 225leaves, 6 steps):
b-aTan|l (c+d x)
]

Jaro 2 b2 (ab+<a2+2b2)Tan[i(c+dx)])

— + —

(a%+b2)*%d a® (a?+b?) d (a+2bTan[% (c+dx)] —aTan[% <c+dx)]2)2

(2a%-b?) ArcTanh [

b (4a4+3a2b2+2b4+ab (5a2+2b2) Tan[i (c+dx)])

a® (a?+b?)%d (a+2bTan[i (c+dx)] —aTan[i <c+dx)]2)

Problem 142: Result valid but suboptimal antiderivative.

J Cos[c+dx]3

(aCos[c+dx] +bSin[c+dx])*

dx

Optimal (type 3, 157 leaves, ? steps):

2 2 3b2 ArcTanh -b+a Tan 1—(c+dx)
a(2a’- ) ArcTan [ ] —3(3a4b—a2b3+b5)Cos[2(c+dx)]+%b(—9a2+b2) (2 (a2+b2>+3absin{2(c+dx)])

~/ a2+b?
+

(a?+b2)7"%d 6 (a2 +b2)°d (aCos[c+dx] +bSin[c+dx])>

Result (type 3, 362 leaves, 7 steps):

b-a Tan 1—(c+dx)
i e ) 8 b3 (a(a2+2b2)+b(3a2+4b2)Tan[i(c+dx)]) )

(az*bz)wzd 3a° (a%+b?) d (a+2bTan[§ (c+dx)] 7aTan[§ (c+dx”2)3

a (2a2-3b?) ArcTanh |

2b2 (b (15a*+18a2b? +8b*) +a (9a +30a2b? + 16 b*) Tan[ 2 (c+dx)])

3a° (a2+b2)2d (a+2bTan[% (c+dx)] —aTan[i (c+dx”2)2

b (6a6+9a4b2+12a2b4+4b6+ab <9a4+6a2b2+2b4) Tan[l (c+dx)”
2

a* (a2+b2)3d (a+2bTan[§ (c+dx>] —aTan[i (c+dx”2)

Test results for the 397 problems in "4.7.3 (c+d x)"m trig"n trig"p.m"



Test results for the 9 problems in "4.7.4 x"m (a+b trig"n)*p.m"
Test results for the 330 problems in "4.7.5 x"m trig(a+b log(c x*n))*p.m"
Problem 259: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.
J(— (1+b?n?) sec[a+blog[cx"]]+2b*n?Sec[a+bLog|cx"] }3) dx

Optimal (type 3, 41leaves, ? steps):
-xSec|a+blog|cx"|| +bnxSec|a+blog[cx"|| Tan|a+bLog|cx"]]|

Result (type 5, 175leaves, 7 steps):

“2ei% (1-ibn) x (cx")*® Hypergeometric2F1[1, - (1’ L) 2 (37 o
2

b
16 b2 e*12n2x (c x”)”bHypergeometric2F1[3, i (3— j‘—), i (5— f‘—), —e?t? (c x")“b]

1+31bn

Problem 260: Result unnecessarily involves higher level functions.

2

Jx'“ Sec|a+2Llog|c x3 V- am ] ]3 dx
Optimal (type 3, 110leaves, ? steps):

2

xl*mSec[a+2Log[cx§ St xl*mSec[a+2Log[cx§ ’<1+m)2]]Tan[a+2Log[cx§ St
2 (1+m)

2/-(1+m)?
Result (type 5, 146 leaves, 3 steps):
) N 2 61 1 . 1 ' > 41
8 e3 ia X1+m C X; —(1+m) } Hyper‘geometr‘iCZFl [3, l [3 _ w , l [5 _ L ( + m) , - @2 ia C X2 (1+m) ) ] /
2 S(1em)? ) 2 “(1+m)?

(1-1 (im—B —(1+m)2))

Problem 301: Result unnecessarily involves higher level functions and more than twice size of optimal

4 Trig functions.nb | 19
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antiderivative.

J(f (1+b*n?) Csc[a+blog[cx"]] +2b? nZCsc[a+bLog[cx”H3) dx

Optimal (type 3, 42leaves, ? steps):
-xCsc[a+blog[cx"|| -bnxCot[a+bLog[cx"]|] Csc[a+blog[cx"]]

Result (type 5, 172 leaves, 7 steps):

2e'? (i+bn)x (c x") ' ° Hypergeometric2F1[1, 1 (1— i—], 1 [3— i) e?i? (c x“)zjb]
2 bn 2 bn
16b2e312n2x (c x“)”bHyper‘geometr‘icZFlD, % (3— ﬁ), i (5— ;7) e (cxn)?t?]
i-3bn

Problem 302: Result unnecessarily involves higher level functions.
jx"‘ Cscla+2Llog|c X3 V- em? ]]3d1x

Optimal (type 3, 110leaves, ? steps):

x1+m Csc[a+2Log[c xg - (Lem)? H x1em Cot[a+2Log[c x§ V- (1em? H Csc[a+2Log[c xg - (2m? H

2 (1+m) 5 _<1+m>2

Result (type 5, 142 leaves, 3 steps):

1 .
_ 8e3laxl+m

i+im-3 7(1+m)2

1
cx2 Hypergeometric2F1(3,

6
-(1+m)2] '
2

Test results for the 142 problems in "4.7.6 fA(a+b x+c x2) trig(d+e x+f x2)An.m"

Problem 28: Unable to integrate problem.

JFc (26X (fx)"Sin[d +ex] dx

Optimal (type 4, 139leaves, ? steps):
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e dF2c (fx)"Gamma[1+m, x (ie-bclog(F])| (x (ie-bclog[F]))™"

2 (e+ibclog[F])
e*dF2c (fx)"Gamma[1+m, -x (ie+bcLlog[F])| (-x (ie+bclLog[F]))™"
2 (e-ibclog[F])

Result (type 8, 24 leaves, 1step):

CannotIntegrate [F2<**<* (fx)"Sin[d+ex], x|

Problem 32: Unable to integrate problem.

j-FFC (@bx) (fx)" (exCos[d+ex] + (1+m+bcxLog[F]) Sin[d+ex]) dx
Optimal (type 3, 23 leaves, ? steps):
£ FC(@bx) (fx)"sin[d+ex]

Result (type 8, 89 leaves, 6 steps):
e CannotIntegrate [F2<?< (fx) " Cos[d+ex], x| +

f (1+m) CannotIntegrate[F?<**<* (fx)"Sin[d +eXx], x] + b c CannotIntegrate [F?<®<* (fx)¥"sin[d+ex], x| Log[F]

Test results for the 950 problems in "4.7.7 Trig functions.m"

Problem 759: Result valid but suboptimal antiderivative.

j(Cos [x]*2Sin[x]% - Cos[x]* sin[x]*?) dx

Optimal (type 3, 12leaves, ? steps):

1
— Cos[x] sin[x]1?
11

Result (type 3, 129leaves, 25 steps):

3 Cos[x] Sin[x 3Cos [x]1Sin[x 1 7 Cos[x]*3Sin[x]3® 7Cos[x]1sSin[x]® 7
[x] [x] [x] [x] + — Cos [x]*Sin[x]3- [X] [x] + [x] [X] - —— Cos[x]*¥Sin[x]>+
5632 5632 512 2816 1280 880

9 1 1 1
— Cos[x]*sin[x]7 - — Cos[x]*¥sin[x]7 + — Cos [x] 1 Sin[x]® - — Cos[x]**Sin[x]® + — Cos[x]! Sin[x]
80 440 40 22 22
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Problem 796: Unable to integrate problem.

Jesin[X] Sec[x]2 (xCos[x]3—Sin[x]) dx

Optimal (type 3, 13leaves, ? steps):

eI (-1 +xCos[x]) Sec[x]

Result (type 8, 24 leaves, 2 steps):

CannotIntegrate|e®"*) x Cos[x], x| - CannotIntegrate|e®"!*) Sec[x] Tan[x], x|

Problem 858: Result valid but suboptimal antiderivative.

J ! dx
Cos[x]3/2+/3 Cos [x] +Sin[x]

Optimal (type 3, 19leaves, ? steps):

2+/3Cos[x] +Sin[x]

\/ Cos [X]
Result (type 3, 88leaves, 5steps):

chs[f]Z (3+2Tan[§] -3Tan[§]2)

\/COS[?]Z (3+2Tan[§] —3Tan[§]2> \/Cos[ﬂz (1—Tan[§]2)

Problem 859: Unable to integrate problem.

Csc[x] V/Cos[x] +Sin[x]
J dx

Cos[x]3/2

Optimal (type 3, 44 leaves, ? steps):

2+/Cos[x] +Sin[x]
N

\/ Cos [X]

~Log[Sin[x]] +2Log[-+/Cos[x] +~/Cos[x] +Sin[x] |

Result (type 8, 20leaves, 0steps):

Csc[x] v/ Cos[x] +Sin[x]

CannotIntegrate | s
Cos [X]

» X|



Problem 860: Result valid but suboptimal antiderivative.
JCos[x] +Sin[x]
1+Sin[2x]

dx

Optimal (type 3, 19leaves, ? steps):

xV1+Sin[2x]
Cos [x] +Sin[Xx]

Result (type 3, 72leaves, 17 steps):

2Ar‘cTan[Tan[§H Cos[i]2 (1+2Tan[’2‘] Tan[l}z)

\/Cos[i]‘l (1+2Tan[§] 7Tan[§}2)2

Problem 912: Result valid but suboptimal antiderivative.

j Cos[x] +Sin[x]
v/Cos[x] /Sin[x

dx

Optimal (type 3, 57 leaves, ’?steps):

-v/2 ArcTan|[1 - V2 Vsing ] V2 ArcTan|1+ V2 Jsinlx] Sin[x1}

\/ Cos [X] \/ Cos [X]
Result (type 3, 243 leaves, 22 steps):
ArcTan|1 - V2 o/Cos[x] | ArcTan|[1+ V2 o/Cosx] | ArcTan|[1- VERVESLILS | ArcTan[1+ V2 y/sinix]
Sin[x] Sin[x] Cos [X] Cos [Xx]
V2 V2 V2 V2
Log[1+Cot[x] - V2 yJCosix) | Log[1+cCot[x] + V2 yJCos(x] | Log[1- V2 yfsinig_ +Tan| Log[1+ Vz fsini_ +Tan]
Sin[x] Sin[x] 4/ Cos [X] Cos [Xx]
+
22 22 22 2+/2

Problem 914: Unable to integrate problem.
J(le x® Cos [x° Log[x] ] - x™ (x*+5x*Log[x]) Sin[x® Log[x] ) dx

Optimal (type 3, 11leaves, ? steps):

4 Trig functions.nb | 23
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x*? Cos [x® Log[x] |

Result (type 8, 48 leaves, 4 steps):

1@ CannotIntegrate|x® Cos[x® Log[x] |, x| - CannotIntegrate|[x Sin|[x® Log[x] |, x| - 5 CannotIntegrate |[x'* Log[x] Sin|[x® Log[x] |, X]

Problem 915: Unable to integrate problem.
JCOS[K]ZTan[E+§] dx

2 4 2
Optimal (type 3, 27 leaves, ? steps):
X Cos [X]

Tt X
— - L C — —
2 2 Og{OS[4+2H

Result (type 8, 23 leaves, 0steps):

X ;2 X
CannotIntegrate|Cos[~| Tan|~+ =], x|
2 4 2

Problem 931: Unable to integrate problem.

J

Optimal (type 3, 26 leaves, ? steps):

x4 x2Cos[a+bx] 4x\/x3+3Sin[a+bx]
+ + dx
3b

ba/x*+3Sinfa+bx] +/x*+3Sin[a+bx]

2x2\/x3+35in[a+bx]
3b

Result (type 8, 82 leaves, 1 step):

4

CannotIntegrate| ——*——
x3+3 Sin[a+b x]

b

] 4 CannotIntegrate|x \/x3+3Sin[a+bx] , X]

3b

x% Cos[a+bx]

+ CannotIntegrate | » X] +

x3+3Sin[a+bx]

Problem 933: Unable to integrate problem.
JCos[x] +Sin[x]

e +Sin[x]

dx

Optimal (type 3, 9leaves, ? steps):
Log[1+e*Sin[x]]
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Result (type 8, 36 leaves, 5steps):

Cot [x]
x - CannotIntegrate| ——————, x| - CannotIntegrate|

———————, x| + Log[Sin[x]]
1+e*Sin([x] 1+e*Sin[x]
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Summary of Integration Test Results

22551 integration problems

A - 22515 optimal antiderivatives

B - 12 valid but suboptimal antiderivatives
C - 5 unnecessarily complex antiderivatives
D - 19 unable to integrate problems

E - 0 integration timeouts

F - O invalid antiderivatives



